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A theoretical model is proposed for interfacial gravity waves containing strong bores
(hydraulic jumps). The model is based on the locally conservative form of shallow-
water momentum equation for the two-layer system bounded by a rigid lid. Using
a linear combination of the basic irrotationality conservation equations to eliminate
the pressure gradient along the interface, we obtain a generalised local momentum
conservation equation which contains a free parameter α. This parameter defines the
relative contribution of each layer to the pressure at the interface and is supposed to
depend on the ratio of densities which is the sole dimensionless parameter in this problem.
For nearly equal densities, symmetry considerations suggest α ≈ 0, which corresponds to
both layers affecting the pressure with equal weight coefficients. The front propagation
velocities that follow from this assumption and the Rankine-Hugoniot jump conditions
for the mass and momentum conservation equations agree well with experimental and
numerical results in a wide range of bore strengths. With α = ±1, our model reproduces
the classical front conditions due to Wood & Simpson (1984, J. Fluid Mech. 140, 329)
and Klemp et al. (1997, J. Fluid Mech. 331, 81), which are commonly thought to be
outside the scope of the hydrostatic shallow-water approximation. In contrast to previous
shallow-water models, our locally conservative momentum conservation equation requires
no external closure conditions and provides a unified framework for numerical modelling
of strong internal bores and gravity currents.
1. Introduction
Shallow-water approximation is commonly used in the geophysical fluid dynamics to
model ocean currents and large-scale atmosphere circulation (Pedlosky 1979). Because
such flows are typically dominated by inertia and occur on a horizontal length scale which
is much lager than their depth, they can be treated as effectively horizontal and vertically
invariant. This simplifies the fluid flow problem from three to two spatial dimensions
thus essentially reducing the computational complexity of such flows. Shallow-water
approximation can also be used to model long gravity waves on the liquid surfaces or
interfaces in stably stratified fluid layers. The latter type of systems are not only routinely
used as simplified models of internal waves in oceans (Helfrich & Melville 2006) but are
also encountered in the technological applications like aluminium reduction cells Davidson
(2001) and the recently developed liquid metal batteries (Kelley & Weier 2018).
Shallow-water waves are generally known to become steeper with time and to develop
vertical fronts analogous to the shock waves in the gas dynamics (Courant & Friedrichs
1948). In the fluid dynamics, such shocks are called hydraulic jumps or bores (Stoker
1958) – both terms are used interchangeably here. Hydraulic jumps can also be created
by the initial state of fluid, for example, when the flow starts by breaking a dam or when
a lock that separates two liquids with different densities is opened (Esler & Pearce 2011).
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Mathematically, shock waves correspond to discontinuities in the wave amplitude. It
is commonly assumed that although the partial differential equations (PDEs) which
govern the wave propagation cease to apply at the discontinuities, the relevant physics,
which is represented by the conservation laws behind these equations, may still hold
(Whitham 1974). Thus the propagation of shock waves is expected to be governed not
by the original PDEs but by equivalent integral relationships which are known as the
Rankine-Hugoniot conditions in the gas dynamics. Such relationships can be obtained
by integrating the governing PDEs across a discontinuity provided that PDEs are in the
form ∂tM(v) + ∂xN(v) = 0. This type of equation represents a local conservation law
for the quantity M with the flux N and the dynamical variables v(x, t).
For single-layer shallow-water flows, there is an infinite number of such local conser-
vation laws (Benney 1973; Miura 1974), whereas only six linearly independent laws exist
for the two-layer system with a free surface (Ovsyannikov 1979; Montgomery & Moodie
2001; Barros 2006). For the two-layer system bounded by a rigid lid, which is the
focus of this paper, an infinite number of conservation laws is expected (Ovsyannikov
1979; Milewski & Tabak 2015). However, only three most elementary laws expressing
the conservation of mass, irrotationality (zero vorticity) and energy are generally known.
No local conservation law for momentum appears to be known in this case. On the other
hand, the conservation of momentum is of primary importance as it is known to govern
the dynamics of hydraulic jumps in single shallow-water layer, which is the limiting case
of the two-layer system when the top layer density or the bottom layer depth becomes
small (Stoker 1958).
The lack of local momentum conservation law has led to a common belief that the two-
layer shallow water equations are inherently non-conservative (Abgrall & Karni 2009)
and unable to describe internal hydraulic jumps without additional closure relations.
The latter are usually deduced by dimensional arguments (Abbott 1961) or derived
using various semi-empirical and approximate integral models (Baines 1995). For gravity
currents, which are created when a layer of heavier liquid is driven by its weight along
the bottom into a lighter ambient fluid, such a front condition relating the velocity of
propagation with the layer depth is the central result of the celebrated Benjamin’s theory
(Benjamin 1968). This hydraulic-type condition and its various empirical extensions
(Klemp et al. 1994; Huppert 2006) are commonly regarded indispensable for theoretical
description and numerical modelling of gravity currents using shallow-water equations
(Ungarish 2011; Rotunno et al. 2011).
A number of analogous semi-empirical front conditions have been proposed also for
internal bores (Yih & Guha 1955; Baines 1984; Wood & Simpson 1984; Klemp et al.
1997). Despite the long history of this problem, there is still no comprehensive the-
oretical description of internal bores, and new models and front conditions continue
to emerge (Borden et al. 2012; Borden & Meiburg 2013; Baines 2016; Ungarish & Hogg
2018) due to the importance such bores play in various geophysical flows ranging from
the coastal oceans (Scotti & Pineda 2004) to the inversion layers in the atmosphere
(Christie & White 1992).
In this paper, we propose a principally new theoretical framework for analysis and nu-
merical modelling of interfacial waves with hydraulic jumps, which in contrast to previous
models is completely self-contained and does not require external closure conditions. The
theory is based on a locally conservative momentum equation for the two-layer shallow-
water system bounded by a rigid lid.
The paper is organized as follows. In the next section, we introduce the two-layer
model and derive shallow-water equations in locally conservative form for fluids with
arbitrary as well as nearly equal densities. Jump conditions for the latter are derived
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Figure 1. Sketch of a two-layer system with internal hydraulic jump.
in section §3, where we also compare the resulting front speeds with the predictions of
some previous models as well as with the available experimental and numerical data. The
paper is concluded with a summary and discussion of the main results in section §4.
2. Two-layer shallow-water model
Consider a horizontal channel of constant height H bounded by two parallel solid
walls and filled with two inviscid immiscible fluids with constant densities ρ+ and ρ− as
shown in figure 1. The fluids are subject to a downward gravity force with the free fall
acceleration g. The interface separating the fluids at the horizontal position x and time
instant t is located at the height z = ζ(x, t), which is equal to the depth of the bottom
layer h+ = H−h−, where h− is the depth of the top layer. The velocity u± and pressure
p± in both layers is governed by the Euler equation
∂tu+ u ·∇u = −ρ−1∇p+ g (2.1)
and the incompressibility constraint ∇ · u = 0. Henceforth, for the sake of brevity, we
drop the ± indices when analogous expressions apply to both layers. At the interface,
z = ζ(x, t), we have the continuity of pressure, [p] ≡ p+ − p− = 0, and the kinematic
condition
w =
dζ
dt
= ζt + uζx, (2.2)
where u and w are the x and z components of velocity, and the subscripts t and x stand
for the respective partial derivatives. Integrating the incompressibility constraint over
the depth of layer and using (2.2), we obtain
ht + (hu¯)x = 0, (2.3)
where the overbar denotes the average over the layer depth. Similarly, averaging the
horizontal (x) component of (2.1) over the layer depth, we have
(hu¯)t + (hu2)x = −ρ−1hpx. (2.4)
Pressure is obtained by integrating vertical (z) component of (2.1) as follows
p(x, z, t) = Π(x, t) + ρ
ˆ z
ζ
(wt + u ·∇w − g)dz, (2.5)
where the constant of integration, Π(x, t) = p±(x, z, t)|z=ζ , defines the pressure distri-
bution along the interface. Averaging the x-component of the gradient of (2.5) over the
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layer depth, after a few rearrangements, yields
px =
(
Π + ρgζ + ρ(z − z0)(wt + u ·∇w)
)
x
, (2.6)
which defines the RHS of (2.4) with z0 = 0 and z0 = H for the bottom and top layers,
respectively.
Shallow-water equations follow as an approximation to the exact depth-averaged
equations above when the characteristic horizontal length scale of the flow L is assumed
to be much larger than the layer depth H : H/L = ǫ ≪ 1. Then the incompressibility
constraint implies w/u = O(ǫ) and, respectively, (2.6) reduces to
px = (Π + ρgζ)x +O(ǫ
2), (2.7)
where the leading order term is purely hydrostatic and the O(ǫ2) represents a small
dynamical pressure correction due to the vertical velocity w.
In addition, the flow is assumed to be irrotational: ω = ∇ × u = 0. According to the
vorticity equation, dωdt = ω ·∇u, this property is preserved by (2.1). In the leading order
approximation, ω = 0 reduces to ∂zu
(0) = 0, which means that the horizontal velocity
can represented as
u = u¯+ u˜, (2.8)
where the deviation from average u˜ = O(ǫ2) is implied by (2.7). Consequently, u2 =
u¯2 + O(ǫ4) can be applied to the second term of (2.4). Finally, using (2.3) and ignoring
the O(ǫ2) dynamic pressure correction, (2.4) can be written as
ρ(u¯t +
1
2
u¯2x + gζx) = −Πx, (2.9)
which together with (2.3) constitute the basic set of shallow-water equations in the
leading-order (hydrostatic) approximation.
For completeness, note that the vertical velocity distribution, which is outside the
scope of present study, follows directly from the incompressibility constraint and (2.8):
w(z) = −
ˆ z
z0
uxdz = −(z − z0)u¯x +O(ǫ2), (2.10)
where z0 chosen as in (2.6) to satisfy the impermeability conditions,w(0) = w(H) =
0. Then (2.6) leads straightforwardly to the well-known result (Green & Naghdi 1976;
Liska et al. 1995; Choi & Camassa 1999)
hp
(1)
x = −1
3
ρ
(
h3(Du¯x − u¯xu¯x
)
x
+O(ǫ4) =
1
3
ρ
(
h2D2h
)
x
+O(ǫ4),
where D ≡ ∂t + u¯∂x and u¯x = −h−1Dh follows from (2.3) and ensures that (2.2) is
satisfied by (2.10) up to O(ǫ2).
On one hand, the wave dispersion caused by this weakly non-hydrostatic pressure
correction can prevent the development of discontinuities and enable formation of solitary
waves and smooth wave fronts (Choi & Camassa 1999). On the other hand, it limits
the applicability of this approximation to relatively shallow waves and, thus, excludes
strong internal bores (Esler & Pearce 2011). The latter are the main focus of the present
study which shows that such bores can be described by the hydrostatic shallow-water
approximation in a self-contained way.
The system of four shallow-water equations (2.9) and (2.3) contains five unknowns,
u±, h± and Π, and is closed by adding the fixed height constraint {h} ≡ h+ + h− = H.
Henceforth, we simplify the notation by omitting the bar over u and use the curly brackets
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to denote the sum of the enclosed quantities. Two more unknowns can be eliminated as
follows. Firstly, adding the mass conservation equations for both layers together and
using {h}t ≡ 0, we obtain {uh} = Φ(t), which is the total flow rate. Here we assume the
channel to be laterally closed, which means Φ ≡ 0 and, thus, u−h− = −u+h+. Secondly,
the pressure gradient Πx can be eliminated by subtracting the two equations (2.9) one
from another. This leaves only two unknowns, U ≡ u+h+ and h = h+, and two equations,
which can be written in locally conservative form as
({ρ/h}U)t +
(
1
2
[
ρ/h2
]
U2 + g [ρ]h
)
x
= 0, (2.11)
ht + Ux = 0, (2.12)
where the square brackets are used to denote the difference of the enclosed quantities
between the bottom and top layers: [f ] ≡ f+ − f−. In this form, both equations
can in principle be integrated across a discontinuity to obtain the corresponding jump
conditions. However, this not the only possible set of locally conservative equations for
the two-layer system.
The applicability of (2.11) and (2.12) to strong bores depends on the conservation of
the respective quantities not only in simple one-dimensional flows described explicitly
by these equations but also in more complex three-dimensional turbulent flows which
are usual for strong bores. The conservation of mass described by (2.12) in each layer
is supposed to hold if fluids are immiscible, which is assumed in this study but may
not always be the case (Milewski & Tabak 2015). On the other hand, the conserved
quantity in (2.11) can be represented as {ρ/h}U dx = [ρu] = ´
H
∂z(ρu) dz. In each layer
separately, we have ∂z(ρu) = ρω, where ω = ∂zu ≡ 0 is the vorticity in the hydrostatic
approximation. It means that (2.11) relies on the conservation of irrotationality (zero
vorticity) of flow in each layer. This conservation law is expected to hold as long as the
effect of viscosity is negligible which is not necessary the case in hydraulic jumps where
viscous effects may become significant due to sharp velocity gradients and cause energy
dissipation even in the zero viscosity limit (Whitham 1974). On the other hand, the
conserved quantity in (2.11) is related to the circulation
¸
ρu · dr = ´Γ [ρu]dx around a
segment of interface Γ , which represents a vorticity sheet. Consequently, (2.11) is a result
of integration of the two-dimensional vorticity-type conservation equation over the depth
(Borden & Meiburg 2013). As it is well known from the constant density case, vorticity
is conserved only in two-dimensional flows, which advect the vortices, whereas it is not
in general the case for three-dimensional flows which can generate vorticity by stretching
and twisting of vortices. This again implies that the jump condition resulting from (2.11)
may not be applicable to strong bores in two-layer systems as the analogous condition is
not applicable in the limiting single-layer case.
The quantity which is conserved across a hydraulic jump in single shallow-water layer
and hence also expected to be conserved in two-layer system is the momentum. In contrast
to the mass, circulation or energy, there is no physical mechanism which could disrupt
conservation of momentum in a flow of inviscid fluid.
A momentum conservation law is obtained by first multiplying (2.9) for each layer with
h± and then adding the equations together. Using (2.12) and the fixed height condition,
we have
[ρ]Ut +
({ρ/h}U2 + 12g[ρh2] +HΠ)x = 0. (2.13)
In this form, the momentum conservation law is non-local as it contains not only the
dynamical variables U and h but also the pressure Π .
The pressure can be eliminated from (2.13) in two alternative ways. First, if we follow
the same steps as in deriving (2.13) but before adding the two equations together divide
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them by ρ±, we obtain
Πx = −{h/ρ}−1
({h−1}U2 + gHh)
x
.
Although substituting this expression into (2.13) eliminates Πx, it does not render the
resulting equation locally conservative. The problem is the non-local dependence of the
pressure Π =
´
Πx dx on the U and h. Nevertheless, it is possible to cast (2.13) into
a locally conservative form by substituting Πx in (2.13) directly from (2.9). In this
case, however, we are faced with a dilemma as Πx is defined by two different equations
(Ostapenko 1999). Requiring (2.9) for each layer to yield the same Πx leads to (2.11),
which, as discussed above, describes the conservation of circulation.
In general, Πx can be expressed as a linear combination of (2.9) with the weight
coefficients (1 ± α)/2, where α is an arbitrary constant:
Πx = − 12
(
([ρ/h]U)t +
(
1
2
{
ρ/h2
}
U2 + g {ρ}h)
x
)− 12αΛ, (2.14)
and Λ equals the LHS of (2.11). Hence, Λ = 0 and the last term in (2.14) vanishes.
Substituting (2.14) into (2.13), we obtain(
[ρ− 12Hρ/h]U
)
t
+
({ρ/h− 14Hρ/h2}U2 + 14g[ρ]{h2})x = 0, (2.15)
which is the sought locally conservative form of the momentum equation.
Note that (2.15) is equivalent to (2.11) and can be reduced to the latter by using
(2.12) provided that U and h are differentiable at least once. For discontinuous solutions,
this is no longer the case and therefore (2.11) and (2.15) cannot in general be satisfied
simultaneously. In this case, we cannot assume Λ = 0 and hence the term − 12αHΛ
remains in (2.15). As Λ equals the LHS of (2.11), which is locally conservative, this extra
term preserves the locally conservative form of the resulting equation. Subsequently, this
extended equation, which contains extra term with α, will be referred to as the generalized
momentum equation.
Since α is dimensionless, it can depend only the ratio of densities, which is the sole
dimensionless parameter in this problem. As Π is supposed to vanish when the top layer
density ρ− becomes small and the two-layer system reduces to that of the single layer, we
have α→ 1 in this limit, which corresponds to Π determined solely by the top layer. In
the opposite limit of a small density difference, we expect α → 0, which corresponds to
both layers affecting Π with equal weight coefficients. In the following, we focus on the
latter case and verify this assumption by comparing the predicted front velocities with
corresponding experimental and numerical results.
We shall also need energy equation which for each layer is obtained by multiplying
(2.9) with U and using (2.12), which yields
ρ
(
U2/h± gh2)
t
+
((
ρ
(
U2/h2 ± 2gh)+ 2Π)U)
x
= −2Πht, (2.16)
where the plus and minus signs correspond as before to the bottom and top layers with h
and U standing for h± and U±. As seen, the RHS term, which describes energy exchange
between the layers, makes (2.16) non-conservative. The RHS term can vanish the frame
of reference, if it exists, in which the flow is stationary. This is one of the key assumptions
underlying the control-volume method which is commonly used to determine the pressure
drop across an internal bore by referring to the energy conservation in one of the layers.
As the same pressure drop follows directly from (2.9), the energy conservation in separate
layers presents just a physical interpretation of (2.9). Ambiguity of this interpretation
will be discussed in the conclusion. In general, energy conservation holds only for both
layers together and the respective local conservation law is given by the sum of (2.16):
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({ρ/h}U2 + 14g[ρ][h2]) t + (([ρ/h2])U2 + g[ρ][h])U)x = 0. (2.17)
The local mass, circulation, momentum and energy conservation laws defined re-
spectively by (2.12), (2.15) and (2.17) can straightforwardly be integrated across a
discontinuity to obtain jump conditions analogous to the Rankine-Hugoniot relations
and the Lax entropy constraint in the gas dynamics. It has to be noted that (2.11),
(2.15) and (2.17) are mutually equivalent and can be transformed one into another using
(2.12) only if h and U are continuous. It means that the jump conditions resulting
from these equations cannot in general be satisfied simultaneously. Since the problem is
governed by two equations, only the two corresponding jump conditions can be imposed.
The choice of two quantities conserved across a discontinuity is not obvious and depends
on the physical arguments. Namely, it depends on the effects which are ignored by the
shallow-water approximation but can become relevant in strong bores like, for example,
viscous dissipation and three-dimensional vorticity generation, mixing (entrainment). If
the shallow-water approximation breaks down in a relatively narrow region, then the
complex phenomena taking place in that region can be accounted for by applying the
relevant conservation laws and treating this region as a discontinuity (Whitham 1974).
In the following, we assume the density difference to be small. This is not only often
the case in reality but also simplifies the problem significantly. Then according to the
Boussinesq approximation, the density difference can be neglected for the inertia but
not for the gravity of fluids. We slightly extend this approximation by neglecting the
deviation of density form its average which is is subsequently used as the characteristic
value instead of the density of one of the layers. Then (2.15) reduces to
([h][u]) t +
1
4
(
(H − 3[h]2/H)[u]2 + 2g[h]2[ρ]/{ρ}) x = 0, (2.18)
where we have assumed α = 0 as discussed earlier. The problem is simplified further by
using the total height H and the characteristic gravity wave speed C =
√
2Hg[ρ]/{ρ} as
the vertical length and velocity scales together with the horizontal length scale L and the
time scale L/C . Then (2.18) and (2.17) can be written in the following dimensionless
form
(ηϑ)t +
1
4 (η
2 + ϑ2 − 3η2ϑ2)x = 0, (2.19)
(η2 + ϑ2 − η2ϑ2)t + (ηϑ(1 − η2)(1− ϑ2))x = 0, (2.20)
where η = [h] and ϑ = [u] are the dimensionless depth and velocity differentials
between the bottom and top layers which emerge as natural variables for this problem.
Subsequently, the former is referred to as the interface height and the latter as the shear
(or baroclinic) velocity. In the new variables and the Boussinesq approximation, (2.11)
and (2.12) take a remarkably symmetric form (Milewski & Tabak 2015)
ϑt +
1
2 (η(1 − ϑ2))x = 0, (2.21)
ηt +
1
2 (ϑ(1 − η2))x = 0. (2.22)
Note that owing to the equivalence of various local conservation laws for continuous
solutions, (2.19) and (2.20) can be derived directly from (2.21) and (2.22), and an infinite
sequence of conservation laws can be constructed starting from the basic quasi-linear form
of equations (Milewski & Tabak 2015). Equations (2.21) and (2.22) can also be written
in the canonical form Rt − λRx = 0 using the Riemann invariants (Long 1956; Cavanie
1969; Ovsyannikov 1979; Sandstrom & Quon 1993; Baines 1995)
R± = −ηϑ±
(
(1 − η2)(1 − ϑ2))1/2 (2.23)
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Figure 2. The regions of the front (η0) and back (η) heights of internal bores permitted by
the energy dissipation (ε˙ 6 0) and hyperbolicity (ϑ2 6 1) constraints.
and the associated characteristic velocities
λ± =
3
4
R± +
1
4
R∓. (2.24)
For interface confined between the top and bottom boundaries, which corresponds to
η2 6 1, the characteristic velocities are real and, respectively, the equations are of
hyperbolic type if ϑ2 6 1. The latter constraint on the shear velocity is required for
the stability of interface, which otherwise would be disrupted by the long-wave shear
instability (Milewski et al. 2004).
3. Jump conditions
Consider a discontinuity in η and ϑ at the point x = ξ(t) across which the respective
variables jump by JηK ≡ η+ − η− and JϑK ≡ ϑ+ − ϑ−. Here, the plus and minus
subscripts denote the respective quantities in the front and back of the jump; the double-
square brackets stand for the differential of the enclosed quantity across the jump.
Integrating (2.19) and (2.22) across the jump, which is equivalent to substituting the
spatial derivative fx with JfK and the time derivative ft with −ξ˙ JfK (Whitham 1974),
the jump propagation velocity can be expressed as
ξ˙ =
1
4
q
η2 + ϑ2 − 3η2ϑ2y
JηϑK =
1
2
q
ϑ(1− η2)y
JηK . (3.1)
As for the single layer, jump conditions above consist of two equations and contain five
unknowns, η±, ϑ± and ξ˙. It means that two unknown parameters can be determined when
the other three are known. The non-linearity of jump conditions implies a possibility of
multiple solutions, some of which may be unphysical. Additional constraint on the feasible
hydraulic jumps follows from (2.20) and the associated energy variation:r
ηϑ(1− η2)(1− ϑ2)− ξ˙ (η2 + ϑ2 − η2ϑ2)z = ε˙ 6 0, (3.2)
which cannot be positive as the mechanical energy can only be dissipated but not
generated by fluid flow.
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Next, let us apply the general jump conditions derived above to a bore with the
interface height η− = η which propagates with an unknown shear velocity ϑ− = ϑ
into a still fluid ahead (ϑ+ = 0) with the interface located at the height η+ = η0 as
shown in figure 1. After a few rearrangements, (3.1) yield
ϑ2 =
(η0 − η)2(η0 + η)
(1− η2)(η0 − η) + 2η(1− η0η) , (3.3)
ξ˙ = −1
2
(1− η2)ϑ
η0 − η . (3.4)
The admissible front (η0) and back (η) heights are subject to the energy dissipation
(ε˙ 6 0) and hyperbolicity (ϑ2 6 1) constraints which are shown in figure 2. As seen, the
region where both constraints are satisfied includes the whole third quadrant, the upper
right diagonal half of the fourth quadrant, as well as a segment along the vertical axis
in the second quadrant. The last two quadrants correspond to bores which raise or fall
across the mid-plane (η = 0), whereas the third quadrant corresponds to bores confined
to the lower half of channel.
Gravity currents, which propagate along the bottom η0 = −1, belong to the third
quadrant. For a gravity current propagating downstream (the positive x direction), (3.3)
and (3.4) yield
ϑ =
√
1− η2
1− η2 − 2η , (3.5)
ξ˙ =
1
2
(1− η)ϑ. (3.6)
The front velocity can be written in terms of the traditional front height h = (1+η)/2 as
ξ˙ =
(
h(1− h)3/(12 − h2)
)1/2
. As seen in figure 3, this shallow-water (SW) front velocity
is generally slightly lower than that resulting from the well-known Benjamin’s formula
ξ˙ = (h(1 − h)(2− h)/ (1 + h))1/2 (Benjamin 1968). On the other hand, the recent vortex-
sheet model of Borden & Meiburg (2013) yields a somewhat higher front velocity ξ˙ =
(1−h)√2h. It is noteworthy that the same condition follows also from the shallow-water
circulation conservation equation (2.21) which formally corresponds to |α| → ∞ in the
generalised momentum conservation equation. Surprisingly, it turns out that that also
Benjamin’s formula follows from the same shallow-water equation when instead of α = 0
we set α = −1. This corresponds to the pressure along the interface determined solely by
the bottom layer. We include in figure 3 also the recent results of Ungarish & Hogg (2018)
for the gravity current speeds obtained by using control-volume method and vortex-wake
model in which a mixing layer is assumed instead of the usual sharp interface. The latter
assumption takes this model outside the shallow-water approximation. All models yield
the same velocity for thin layers (h → 0) : ξ˙/
√
h → √2, where they reproduce the
classical result due to von Kármán (Huppert 2006), as well as for the gravity currents
that span the lower half of channel (h = 1/2) : ξ˙/
√
h = 1/
√
2. For intermediate heights,
the SW model produces in general lower front velocity than the other models.
Based on the experimental results, it has been suggested by Klemp et al. (1994) and
Marino et al. (2005) that for thin layers, the normalized front velocity, ξ˙/
√
h, may be
closer to 1 rather than
√
2. This discrepancy is thought to be due to the intensive
turbulent mixing which usually accompanies gravity currents. Alternatively, it may be
due to the uncertainty in the depth of turbulent gravity currents. As shown at the end
of this section, gravity current can be connected upstream to another uniform state of a
10 J. Priede
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Figure 3. The front velocity of gravity current ξ˙ versus the dimensionless front height
h = 1
2
(1 + η) : comparison of the two-layer shallow-water theory (SW) for Boussinesq fluids
with the classical hydraulic approximation due to Benjamin (1968), the vortex sheet model of
Borden & Meiburg (2013) and the vortex-wake model of Ungarish & Hogg (2018).
larger depth. This may lead to a lower-than-expected front velocity when the upstream
depth is taken for the front height.
Now, let us turn to internal bores and compare the propagation velocities following
from our shallow-water theory with the predictions of some previous models as well as
with the available experimental and numerical results. We limit our comparison to the
semi-empirical model of Klemp, Rotunno and Skamarock (KRS) (Klemp et al. 1997),
the vortex-sheet model of Borden and Meiburg (BM) (Borden & Meiburg 2013) and
the vortex-wake model of Ungarish and Hogg (UH) (Ungarish & Hogg 2018). For better
agreement with experimental results, it is assumed in the KRS model that energy is
dissipated only in the top layer, which shrinks as the bore advances. On the other hand,
the BM model has been derived using the vorticity equation for bores in the Boussinesq
fluids. However, as noted above, vorticity may not be conserved in turbulent bores. As
for the gravity currents, the BM model yields the same front speed as the shallow-water
circulation conservation law (2.21): ξ˙ = 12 (1 − η2)/(1 − η0η)1/2. In the UH model, the
conservation of both circulation and momentum is effectively imposed in addition to
that of the mass. This is is not possible using only the height averaged quantities in
each layer, as in the shallow-water approximation, and requires a non-uniform vertical
velocity distribution. The latter is introduced by replacing the sharp interface with a
single-parameter mixing layer whose analytical form is not uniquely defined but still
affects the results as it may be seen in figure3.
The aforementioned models are compared in figure 4 with the experimental results of
Wood & Simpson (1984), Rottman & Simpson (1983) and Baines (1984) as well as with
the two-dimensional numerical results of Borden et al. (2012). Note that the density
ratio s = ρ−/ρ+ = 0.79 in (Baines 1984) is somewhat lower than s = 1 assumed in the
Boussinesq approximation. Nevertheless, no significant deviation of experimental results
from the Boussinesq approximation is noticeable when the average density is used as
the characterise value. For consistency with previous publications, all front velocities are
rescaled with
√
h0, which is the dimensionless velocity of small-amplitude long interfacial
waves when the depth of the bottom layer ahead of the bore is small (h0 ≪ 1). The front
velocities normalized in this way are plotted in figure 4 against the bore strength h/h0,
where h is the interface height of the bore. With this normalization, we have ξ˙/
√
h0 → 1
when the layer ahead is thin (h0 → 0) and the bore is weak (h/h0 → 1). All models can be
seen to converge to this basic linear limit. Although the predicted front velocities start to
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Figure 4. The front velocity ξ˙/
√
h0 normalized with the dimensionless depth of the bottom layer
h0 ahead the bore versus the bore strength h/h0 for h0 = 0.027, 0.035, 0.05, 0.1, 0.2 : comparison
of the shallow-water theory (SW) with KRS (Klemp et al. 1997), BM (Borden & Meiburg 2013),
UH (Ungarish & Hogg 2018) models as well as with the experimental results of Wood & Simpson
(1984), Rottman & Simpson (1983), Baines (1984) and the numerical results of Borden et al.
(2012).
diverge at larger bore strengths, the divergence remains relatively small in comparison to
the scatter in the experimental data. All front velocities converge again, similarly to the
gravity current velocity in figure 3, when the interface height approaches the mid-plane
h = 0.5. The SW front velocity is seen to approach this limit almost monotonously which
is due to its distinctive feature, dξ˙dh = 0 at h = 0.5, whereas all other models produce
dξ˙
dh < 0 at this point. Numerical results for h0 = 0.2 can be seen to reproduce this nearly
monotonous variation predicted by the SW model, though at sightly lower propagation
velocities. This difference, which is usually attributed to the turbulent mixing between
the layers, may also be due to the viscous loss of momentum at the rigid top and bottom
boundaries. Viscous effects are assumed to be negligible in the SW model but could be
significant at the relatively small Reynolds number Re = 3500 used in the numerical
simulation.
Now, let us return to the gravity currents and consider possible upstream states which
they can be connected to. Instead of the quiescent fluid layer shown in figure 1, we assume
the front state to be a gravity current with the interface height η+ = η and the shear
velocity ϑ+ = ϑ(η) defined by (3.5). As before, upstream state with unknown interface
height η− = η1 and shear velocity ϑ− = ϑ1 needs to be found by solving (3.1). This can
be done analytically using the computer algebra software Mathematica (Wolfram 2003),
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which yields
ϑ1(η1, η) =
(η1 + η)(1 − η1η)ϑ± (η1 − η)γ
η1 + η − 3η21η + η31
, (3.7)
where γ2 = η2
((
4η21 − 1
)
ϑ2 − 3η21 + 1
)− 2ηη1 (η20 + ϑ2 − 1)+ η21 (η21 − ϑ2 + 1) and the
plus and minus signs describe two possible branches of the solution. Let us start with
shallow gravity currents with the front height h = (1+η)/2→ 0 and assume the upstream
interface height to be comparably small: h1 = (1 + η1)/2 = κh, where κ = h1/h = O(1).
In this limit, the jump velocity (3.1) for (3.7) can be written as
ξ˙1 =
(
1∓ κ√
κ+ 1
)
ξ˙, (3.8)
where ξ˙ =
√
2h is the gravity current velocity for h→ 0. As seen, only the jump velocity
defined by the minus sign in (3.8) is lower than ξ˙. Consequently, only this solution is
physically feasible. Note that the respective jump velocity drops with the increase of
the relative jump height and turns zero at κ0 =
(
1 +
√
5
)
/2, where the jump becomes
stationary. On the other hand, according to the energy balance (3.2), which reduces to
ε˙ =
4
√
2(κ− 1)3 (κ−√κ+ 1)
(κ+ 1)3/2
h5/2,
this jump is physically feasible with ε˙ 6 0 only for 1 6 κ 6 κ0. It means that shallow
gravity currents can be connected to upstream states with the interface height up to a
factor of κ0 ≈ 1.62 greater than the gravity current front height. Taking the upstream
interface height for the gravity front height can reduce the normalized front speed down
to ξ˙/
√
h1 = 2/
√
1 +
√
5 ≈ 1.11, which is not far from the empirical value of 1.19 found
for h < 0.075 by Huppert & Simpson (1980). The exact solution of (3.2) plotted in figure
5 shows that the possible upstream interface height for taller gravity currents is higher
than that predicted by the linear relationship.
4. Summary and discussion
We derived a locally conservative shallow-water momentum equation for the two-layer
system bounded by a rigid lid. In contrast to previous theories, no external closure
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relations are required in our model to describe strong internal bores and gravity currents.
So far such closure relations were commonly assumed to be indispensable for the two-layer
shallow-water equations and outside the underlying hydrostatic approximation. A mo-
mentum equation for two-layer system was obtained in a generalised locally conservative
form by using linear combination of the basic shallow-water equations, which describe
the conservation of irrotationality in each layer, to eliminate the pressure gradient. As a
result of the non-uniqueness of the linear combination used, the momentum conservation
equation contains a free dimensionless parameter α which defines the relative contribution
of each layer to the pressure at the interface and is supposed to depend on the density
ratio. The appearance of α is related with the external length scale, the total height
H , in the two-layer system. The existence of H allows us to multiply the circulation
conservation equation, which is a lower order conservation law, with αH and add it to
the momentum conservation equation, which has the same physical units. This leads to a
generalised momentum conservation equation containing α. This parameter is irrelevant
if the circulation and momentum conservation equations are mutually equivalent which
is the case only for continuous solutions.
Using symmetry considerations, we argued that the fluid flows with nearly equal
densities could be expected to affect the pressure at the interface with the same weight
coefficients which corresponds to α = 0. The front propagation velocities resulting from
this assumption and the Rankine-Hugoniot jump conditions for the mass and momentum
equations were compared with the predictions of a number of previous models as well
as with numerical and experimental results. A good agreement was found with the
existing experimental and numerical results including slightly non-Boussinesq cases.
The propagation velocities resulting from the local momentum conservation law appear
generally closer to numerical results than the those predicted by the previous models.
It was also found that the classical front condition for gravity currents due to Benjamin
(1968) as well as that its generalisation to internal bores by Klemp, Rotunno and
Skamarock (KRS) (1997) are reproduced by our momentum conservation equation with
α = −1, which corresponds to the pressure at the interface determined entirely by the
bottom layer. Similarly, the alternative front condition proposed for internal bores earlier
by Wood & Simpson (1984), which is known to break down for shallow gravity currents
and does not agree with experimental results as well as the KRS model, is reproduced
by our model with α = 1. This value describes the pressure at the interface determined
entirely by the top layer. In the WS and KRS models, this is interpreted as energy
conservation in the top and bottom layers, respectively. Li & Cummins (1998) argue
that in general energy can be dissipated in both layers with the WS and KRS models
representing two limiting cases and yielding, respectively, the upper and lower limit of
the bore velocity. Firstly, it has to be noted that the bore velocities resulting from our
model with α = 0 are lower than those predicted not only by the WS but also by the
KRS model. Secondly, the interpretation in terms of energy conservation in each layer
separately is ambiguous in the shallow-water approximation where the energy balance is
defined only for the whole two-layer system. Shallow-water equations neither allow nor
require to attribute energy dissipation to a specific layer across a hydraulic jump. In the
shallow-water approach, the pressure drop across a hydraulic jump in each layer is defined
by the basic irrotationality conservation equation. Formally, the same pressure drop can
be obtained also from the energy conservation equation for a separate layer by assuming
the existence of a co-moving frame of reference in which the solution is stationary. In
this case, the energy conservation equation reduces to the Bernoulli equation as does the
irrotationality conservation equation.
On one hand, the energy equation for a separate layer is mathematically redundant
14 J. Priede
and provides just a physical interpretation for the pressure drop. On the other hand,
it leads to a paradox when applied to the circulation conservation which is proposed
by Borden & Meiburg (2013) as an alternative to the momentum conservation across
internal bores. In this case, the pressure drop across discontinuity in each layer is
effectively defined by the irrotationality conservation. In the co-moving frame of reference,
the latter is equivalent to the energy conservation in the respective layer. Equating
pressure drops across discontinuity in both layers enforces the conservation of circulation.
The paradox is that the conservation of energy in each layer separately is not equivalent
to the conservation of energy in the whole two-layer system. It is due to the fact that the
energy for discontinuous solutions cannot in general be conserved simultaneously with
the mass and circulation. In addition, solutions which are stationary in the co-moving
frame of reference cannot be continuous in the hydrostatic shallow-water approximation
which is effectively used also in the control-volume method. This implies that the energy
conservation in separate layers may be inapplicable to hydraulic jumps because it is not
compatible with the total energy balance in the two-layer system.
Another serious problem with the circulation is the fact that, in the hydrostatic
shallow-water approximation, it cannot be conserved simultaneously with the momentum
and mass across a hydraulic jump. There are physical mechanisms, like viscosity and
turbulence, which can account for the dissipation of energy and generation of circulation
in strong bores. But there are no analogous physical mechanisms that could disrupt mo-
mentum balance. Therefore, the momentum conservation, notwithstanding its inherent
ambiguity, appears to be more physically relevant than the conservation of circulation.
In conclusion, the locally conservative momentum equation obtained in this study
provides a unified theoretical framework for modelling strong internal bores and gravity
currents using shallow-water equations for the two-layer system bounded by a rigid lid.
I would like to thank M. Ungarish and P. Milewski for bringing their recent papers to
my attention as well as for the interesting and stimulating comments.
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